
ECE 346: Digital Signal Processing Spring 2021
Soo Min Kwon Week of March 29, 2021

Recitation #8: Linear Phase, Real-Valued FIR Filters

Objective & Outline

• Problems 1− 4: recitation problems

• Problem 5: self-assessment problem

Let’s first go over some notes on linear phase, real-valued FIR filters:

• Given frequency response H(ejω) = |H(ejω)|ej∠H(ejω), a filter has linear phase if its phase is
defined as

∠H(ejω) = −αω ± β, (1)

where α and β are constants. This is because linear phase is often described as by a constant
group delay, where the group delay is defined as

τ(ω) = −d∠H(ejω)

dω
. (2)

• If a filter is a linear-phase, causal FIR filter, then if z = r is a zero, then

z = (rejφ)−1 =
1

r
e−jφ (3)

must also be a zero.

• Note that a filter can have zeroes on the unit circle (e.g. z = −1, 1) or at zero and still be a
filter with linear phase, as the inverse of a zero on the unit circle is itself.

• If a filter is a real-valued FIR filter, then if z = rejφ is a zero, then its complex conjugate

z = re−jφ (4)

must also be a zero.

• Putting these facts together, if a filter is a real-valued, linear phase FIR filter and a zero is
NOT real and NOT on the unit circle, then the zero must come in multiples of 4.

• An even length real-valued, linear phase FIR filter must have a zero at z = 1 and/or at z = −1.

• We conclude these notes by talking about the four types of real-valued, linear-phase
FIR filters:

1. Type 1: Odd-length filter with a symmetric impulse response (used for either LPF or
HPF)

2. Type 2: Even-length filter with a symmetric impulse response (not good for HPF)
3. Type 3: Odd-length filter with a anti-symmetric impulse response (not good for either

LPF or HPF)
4. Type 4: Even-length filter with a anti-symmetric impulse response (not good for LPF)

The problems start on the following page.
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Problem 1 (Review). These problems should be a review of lecture videos and notes.

1. Which of the following can be linear phase filters?

(a) h1[n] = δ[n− 10]

(b) h2[n] = δ[n]− δ[n− 1] + 2δ[n− 2]

(c) h3[n] = δ[n− 4] + δ[n− 5] + δ[n− 6]

2. Which of the following cannot be high-pass filters?

(a) h1[n] = u[n]− u[n− 10]

(b) h2[n] = (n− 6)(u[n]− u[n− 13])

(c) h3[n] = δ[n]− δ[n− 1]

(d) h4[n] = u[n]− u[n− 11]
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Problem 1

There are three characteristics to look for in there impulse responses to see if the
filter has linear phase

1 constantgroupdelay
27 the inverseof a tea is also a zero of the filter
3 check the symmetry or anti symmetry1 of the impulse response

With the firsttuo satisfied we justneed to check the symmetry of the
impure responses

a h 47 i O l O
a

nao

Bylooking at the sequence him is symmetric and is linear phase

b hint 1 I 23

him is neither symmetric nor anti symmetric and thus is not a
linear phase filter

c hi47 11 I I

Bylooking at the sequence haul is symmetric and is linear phase

Since Type 2 Type 3 fillers are not HPF we just need to checkthe
types of the filters

al hint is length to Leven Type 2 filler cannot be HPF
is symmetric

b h Eu is length 13 odd Type 3 filter cannot be HPF
is anti symmetric

c hi47 is length 2 Leven Type 4 filter can be HPF
is anti symmetric

d him is length 11 odd Type I filler can be HPF
is symmetric
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Problem 2 (FIR Filters). Answer the following questions given the pole-zero diagram of a digital
filter shown below:

(a) Is this an IIR or FIR filter?

(b) Is the filter causal or non-causal?

(c) What is the region of convergence for this filter?

(d) What kind of filter is this system (e.g. low-pass, high-pass)?

(e) Provide the transfer function of the filter under the assumption that |H(ej0)| = 1.
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Problem 2

a Since the filler only has trivial poles i.e poles at o or s the
filter is an FIR filter

b Since thefiller has all zeros at 0 and are inside the unit circle the
filter is causal

c As the filler has all poles at 2 o and is causal the Roc is

171 so

d The filter is a low pass filler as there is attenuation near and at
wi TI and no attenuation at w o we can see this by the location
of the zeroes

e H 2 I p the tewes of the filter

gain factor

p L l ja
1 1 t je 1 l t z t

p l l t z t z 2 t z 3

Using the fact that 11165011 1 we can solve for the gain
factor

Ince1071 1111111 p E l t l t l t l T t l

4po

poi la

And thus

H El ITC l t t t z t z 3
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Problem 3 (FIR Filters). Suppose that a length-5 causal FIR filter had two second order zeroes
at

z = 0.95 (5)
z = 1.05. (6)

(a) Provide a pole-zero diagram for this filter.

(b) What kind of filter is this system (e.g. low-pass, high-pass)?

(c) Provide the transfer function H(z) for this filter.

(d) Assuming the gain p0 = 2, what is |H(ej0)|?

(e) Provide a sketch of the magnitude response of the filter.

4



a Since the filter is causal we have a pole of order 4 at 7 0
as

of zeroes of poles

The pole zero diagram is givenby

s

order 2

i a o orori X i

b This filter is a high pass filter a the zeroes cause attenuation at
w o

c Similar to the previous problem

Htt poll 0.91z 1
2 I 1 of z 12

d Now given po 2

Htt 2 I 0.952 112 l 1 of z 12

Using the fact that 11161011 1111111 we can plug in 2 1 1

1H 1 I 2 I l 0.954712 I l l os Cil 12
2 I oOT12 10.0112

2 lo ol14

Thus 11165071 2 10.0514

e IHleiw I

ii
i
i
it a

210.0ft
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Problem 4 (FIR Filters). Assuming minimum filter length, suppose that a causal, real-valued,
linear-phase FIR filter had known zeroes at

z = 1 (7)

z = 2ej
π
3 . (8)

(a) Provide a pole-zero diagram for this filter.

(b) If the gain of this filter was p0 = 2, provide the impulse response of the filter.

(c) What type of filter is this FIR filter (e.g. Type I, Type II, etc.)?
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Problem 4

a we are given the zeroes
2 I
2 zest't

Since 2 2e b is NOT on the unit circle and NOT real valued the
zero must come in multiple of 4 as we have a real valued linear
phase filterThus we have zeroes

2 2es13 2 o g est't
z 2e I43 2 or e i

The pole ten diagram is
o.pejab

i02ei
i iIi OiX i

ii
re i be

o e i4

b We have

111 1 2 l z t l 2e't z 1 l 2e J z l Ll o se's z 1 y o re Mhz1

2 Zz t g s t Z b s z I t 22 4 zz T

Taking the inverse 2 transform is reading off the terms

hen 2 2 8 t 8.5 2 27

c The impulse response

hen 2 2 8 T 8.5 2 2

is evenlength and anti symmetric and is a

Type 4 filter
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Problem 5 (Self-assessment). As usual, try to work on these problems together in break-out rooms.

1. Consider an FIR filter with real-valued coefficients whose z-transform is given by

H(z) = a+ bz−2. (9)

The impulse response of this filter has unit energy with a ≥ 0 and

H(ej0) = H(ejπ) = 0. (10)

(a) Provide a pole-zero diagram for this filter.

(b) What type of filter is this FIR filter (e.g. Type I, Type II, etc.)?

(c) What is the impulse response of this filter?

(d) Provide a closed-form expression for H(ejω) and provide its labeled plot.
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Problem 5

Before we begin we should understand what we've given

Htt at b't 2 a hen a o b
u u

unit energy a2tb2 L

Hleio Hle's O a t b Il I

ai b

a 20

a The 2ewes are given by the fact
Hleio Hce's O

i
i

7 10 ion
est Y i i Y eso

b Recall that the impure response is

h u7 a O b

and that a b Thus hen is odd length and anti symmetric which
is a type 3 filter

c we need to solve for a and b

a b

Cb t b I

52 52 I

262 L b I

Since a 20 then a tr and b tar Thus

hEn7 t o He

d Using 2 e1W
Hiett HCtllz.ee rt rate 2

Dag


